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Abstract
We present a coordinate free approach to derive curvature formulas for pseudo-Riemannian
doubly warped product manifolds in terms of curvatures of their submanifolds. We also state the
geodesics equation.
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1 Introduction
Singly warped products were first introduced by R. L. Bishop and B. O’Neil [1] in their attempt to
construct a class of Riemannian manifolds with negative curvature. O’Neil also studied Robertson
Walker, Schwarschild and Kruskal space-times as warped products in [2]. Later Beem, Ehrlich and
Powell pointed out that many exact solutions to Einstein’s field equation can be expressed in terms of
Lorentzian warped products in [3]. Since then warped product spaces play a crucial role in a plethora
of physical applications such as general relativity, string and supergravity theories [4].
In the present work, for pseudo-Riemannian doubly warped product manifolds, we prove expres-
sions that relate the Riemann, Ricci and scalar curvatures with those of their submanifolds. The
derivation is coordinate independent and we also give the equation of geodesics. Finally, in the Ap-
pendix, we write the components of the curvatures in a local coordinate system.
2 Preliminaries
In this section adopting the notations of [2] we recall briefly basic notions of product Riemannian
manifolds and give the definition of the doubly warped product space.
Let (B, gB) and (F, gF ) be m and n-dimensional pseudo-Riemannian manifolds respectively. Then
the M = B × F is an (m + n)-dimensional pseudo-Riemannian manifold with π : M → B and
σ : M → F the usual smooth projection maps.
We use the natural product coordinate systems on the product manifold M . If (p0, q0) ∈ M
and (UB , x), (UF , y) are coordinate charts on B and F such that p0 ∈ B and q0 ∈ F , then we
can define a coordinate chart (UM , z) on M such that UM is an open subset in M contained in
UB × UF , (p0, q0) ∈ UM and ∀(p, q) ∈ UM , z(p, q) = (x(p), y(q)) where x(p) = (x
1(p), · · · , xm(p)) and
y(q) = (ym+1(q), · · · , ym+n(q)).
The set of all smooth and positive valued functions f : B → R+ is denoted by F(B) = C∞(B).
The lift of f to M is defined by f˜ = f ◦ π ∈ F(M).
If xp ∈ Tp(B) and q ∈ F then the lift x˜(p,q) of xp toM is the unique tangent vector in T(p,q)(B×{q})
such that dπ(p,q)(x˜(p,q)) = xp and dσ(p,q)(x˜(p,q)) = 0. The set of all such horizontal tangent vector lifts
will be denoted by L(p,q)(B).
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Moreover we can define lifts of vector fields. Let X ∈ X(B) where X(B) is the set of smooth vector
fields, then the lift X˜ of X to M is the unique element of X(M) whose value at each (p, q) is the lift
of Xp to (p, q). The set of such lifts will be denoted by L(p,q)(B).
Definition 2.1 Let (B, gB) and (F, gF ) be pseudo-Riemannian manifolds and f : B → R
+, h : F →
R+ be smooth functions. The doubly warped product space is the product manifold furnished with the
metric tensor defined by
gM = (h ◦ σ)
2π∗(gB) + (f ◦ π)
2σ∗(gF ). (1)
Explicitly if v is tangent to B × F at (p, q) then
< v, v >= h2(q) < dπ(v), dπ(v) > +f2(p) < dσ(v), dσ(v) > . (2)
We will denote this structure by M = B h×f F .
The warped metric (1) is characterized by:
(α) For each q ∈ F the map π⌈(B × {q}) is a positive homothety onto F with scale factor 1/h(q).
(β) For each p ∈ B the map σ⌈({p} × F ) is a positive homothety onto B with scale factor 1/f(p).
(γ) For each (p, q) ∈M , the leaf B × {q} and the fiber {p} × F are orthogonal at (p, q).
If h = 1 and f 6= 1 then we obtain a singly warped product manifold. If h = f = 1 then we have a
product manifold.
3 Covariant derivatives
As in the case of a pseudo-Riemannian product manifold we can define the orthogonal projections:
tan : T(p,q)(M)→ T(p,q)({p} × F ),
nor : T(p,q)(M)→ T(p,q)(B × {q}) (3)
and thus vectors tangent to fibers {p} × F = π−1(p) are vertical while vectors tangent to leaves
B × {q} = σ−1(q) are horizontal. The lifts of functions and vector fields will be denoted without the
tilde for simplicity. Also all geometrical quantities with a superscript B (or F ) are the pullbacks by π
(or σ) of the corresponding ones on B (or F ).
Proposition 3.1 On M = B h×f F , if X,Y ∈ L(B) and V,W ∈ L(F ) then
(1)
norMDXY =
BDXY, nor
MDXY ∈ L(B)
where norMDXY is the lift of the Levi-Civita connection
BDXY to B.
(2)
tanMDXY = II(X,Y ) = −
< X,Y >
h
grad h
where the first fundamental form is defined by gM (X,Y ) =< X,Y > and II(X,Y ) is the shape
tensor (or second fundamental form) of B to M 1.
(3)
MDXV =
MDVX, nor
MDXV =
V h
h
X, tanMDVX =
Xf
f
V
1In this relation h stands for h˜ = h ◦ σ and gradh for grad h˜ = g˜rad h.
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(4)
norMDVW = II(V,W ) = −
< V,W >
f
gradf
where II(V,W ) is the shape tensor of F .
(5)
tanMDVW =
FDVW, tan
MDVW ∈ L(F ).
Proof 3.2
(1) The vector fields X,Y are tangent to the leaves. On a leaf, norMDXY is the leaf covariant
derivative applied to the restrictions of X and Y to that leaf. Then π-relatedness follows since
homotheties preserve Levi-Civita connections.
(2) The Koszul formula 2 reduces to
2 < MDXY, V >= −V < X,Y > (4)
since < X,V >=< Y, V >= 0, [X,V ] = [Y, V ] = 0 and < V, [X,Y ] >= 0. Also
V < X,Y >= V [h2(< X,Y > ◦π)] = 2
(
V h
h
)
< X,Y >= 2 <
< X,Y > gradh
h
, V > . (5)
From (4) and (5) we end up with the desired result.
(3) Since [X,V ] = 0 we have MDXV =
MDVX. Using the Koszul formula twice for <
MDXV, Y >
and < MDXV,U > we obtain
2 < MDXV, Y > = 2 < nor
MDXV, Y >= V < X,Y >= 2 <
V h
h
X, Y >
2 < MDXV,W > = 2 < tan
MDXV,W >= X < V,W >= 2 <
Xf
f
V,W > . (6)
(4) The proof is identical to (2) for V,W ∈ L(F ).
(5) This proof is similar to (1) for vector fields tangent to fibers.
4 Riemann, Ricci and scalar curvatures
The function R : X3(M)→ X(M) given by
RXY Z = D[X,Y ]Z − [DX ,DY ]Z (7)
is a (1, 3) tensor field on M the so called Riemann curvature of M . Sometimes we use the symbols
R(X,Y )Z or R(X,Y,Z) instead of RXY Z.
Proposition 4.1 On M = B h×f F , if X,Y,Z ∈ L(B) and U, V,W ∈ L(F ) then
2The Koszul formula for a pseudo-Riemannian manifold M reads
2 < DXY,Z >= X < Y,Z > −Z < X,Y > +Y < Z,X > − < X, [Y,Z] > + < Z, [X,Y ] > + < Y, [Z,X] >
for X, Y, Z ∈ X(M).
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(1)
MRXY Z =
BRXY Z −
‖ gradh ‖2
h2
(< X,Z > Y− < Y,Z > X)
where MRXY Z is the lift of the Riemann curvature tensor
BRXY Z to M .
(2)
MRV XY =
Hf (X,Y )
f
V +
< X,Y >
h
FDV (gradh) =
MRV YX
where Hf is the Hessian of f 3.
(3)
MRXY V =
V h
h
[(
Xf
f
)
Y −
(
Y f
f
)
X
]
,
MRVWX =
Xf
f
[(
V h
h
)
W −
(
Wh
h
)
V
]
(4)
MRXVW =
MRXWV =
Hh(V,W )
h
X +
< V,W >
f
BDX(grad f)
where Hh is the Hessian of h.
(5)
MRVWU =
FRVWU −
‖ grad f ‖2
f2
(< V,U > W− < W,U > V ) .
Proof 4.2
(1) For the vector fields X,Y,Z,A ∈ L(B) we have
< MRXY Z,A >=<
BRXY Z,A > − < II(X,Z), II(Y,A) > + < II(X,A), II(Y,Z) >
= < BRXY Z,A > −
‖ gradh ‖2>
h2
(<< X,Z > Y− < Y,Z > X,A >) (8)
(2) Since [X,V ] = 0 from definition (7) we find
MRV XY = −
MDV (
MDXY ) +
MDX(
MDV Y ). (9)
The first term on the right hand side of (9), with the help of Proposition (3.1), gives
MDV (
MDXY ) =
MDV (nor
MDXY + tan
MDXY )
=
V h
h
BDXY +
(BDXY )f
f
V −
V h
h2
< X,Y > gradh−
< X,Y >
h
FDV (gradh) (10)
while the second term becomes
MDX(
MDV Y ) =
V h
h
(
BDXY −
< X,Y >
h
gradh
)
+
XY f
f
V. (11)
Substituting (10) and (11) into (9) we recover the desired relation.
3The Hessian Hf of f ∈ F(M) is the symmetric (0, 2) tensor field such that
H
f (X,Y ) = XY f − (DXY )f =< DX (gradf), Y > .
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(3) Assuming that [X,Y ] = 0 (as, for example, for coordinate vector fields) we first prove that
MDX(DY V ) =
XY f
f
V +
(
Y f
f
)(
V h
h
)
X +
V h
h
BDYX (12)
and a similar expression for MDY (DXV ) withX and Y interchanged. The claim is then straight-
forward by (7). Also note that < MRXY V,W >=<
MRVWX,Y >= 0.
(4) The proof is established following steps similar to those in (2).
(5) This relation is justified as in (1).
The Ricci tensor relative to a frame field 4 is defined by
Ric(X,Y ) =
∑
i
ǫi < RXEiY,Ei > (13)
where ǫi =< Ei, Ei >.
Corollary 4.3 On M = B h×f F , if X,Y ∈ L(B), V,W ∈ L(F ), m = dimB > 1 and n = dimF > 1
then
(1)
MRic(X,Y ) = BRic(X,Y )− < X,Y >
[
F∆h
h
+ (m− 1)
‖ gradh ‖2
h2
]
−
n
f
Hf (X,Y )
(2)
MRic(X,V ) = (m+ n− 2)
(
Xf
f
)(
V h
h
)
(3)
MRic(V,W ) = FRic(V,W )− < V,W >
[
B∆f
f
+ (n− 1)
‖ grad f ‖2
f2
]
−
m
h
Hh(V,W )
Proof 4.4
Let {BEi}, i = 1, · · · , dimB = m be a frame field on an open set UB ⊆ B and {
FEi}, i = m +
1, · · · ,m+ dimF = m+ n be a frame field on an open set UF ⊆ F , then {
MEi}, i = 1, · · · , dimM =
m+ n be a frame field on the open set UM ⊆ UB × UF ⊆ B × F .
4A frame field is a set {Ei}, i = 1, · · · , dimM of orthonormal vector fields.
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(1) Using definition (13) we have
MRic(X,Y ) =
m+n∑
i=1
M ǫi <
MRXMEiY,
MEi >
=
m∑
i=1
Bǫi <
MRXBEiY,
BEi > +
m+n∑
i=m+1
F ǫi <
MRXFEiY,
FEi >
=
m∑
i=1
Bǫi
[
< BRXBEiY,
BEi > −
‖ gradh ‖2
h2
(
<< X,Y > BEi− <
BEi, Y > X,
BEi >
)]
−
m+n∑
i=m+1
F ǫi
[
Hf (X,Y )
f
< V, FEi > +
< X,Y >
h
< FDFEi(gradh),
FEi >
]
= BRic(X,Y )−
‖ gradh ‖2
h2
< X,Y >
(
m∑
i=1
Bǫ2i − 1
)
−
Hf (X,Y )
f
m+n∑
i=m+1
F ǫi <
FEi,
FEi > −
< X,Y >
h
m+n∑
i=m+1
F ǫi <
FDFEi(gradh),
FEi > (14)
from which taking into account that
∑m+n
i=m+1
F ǫi <
FDEi(gradh),
FEi >=
F∆h we recover the
known result.
(2) Using the definition of Ricci tensor we have
MRic(X,V ) =
m∑
i=1
Bǫi <
BRXBEiV,
BEi > +
m+n∑
i=m+1
F ǫi <
FRV FEiX,
FEi >
=
(
V h
h
)[(
Xf
f
) m∑
i=1
Bǫ2i −
1
f
(
m∑
i=1
Bǫ < X,BEi >
BEi
)
f
]
+
(
Xf
f
)[(
V h
h
) m+n∑
i=m+1
F ǫ2i −
1
h
(
m+n∑
i=m+1
F ǫ < V, FEi >
FEi
)
h
]
= (m+ n− 2)
(
Xf
f
)(
V h
h
)
. (15)
(3) The proof is similar to (1).
The scalar curvature R of M is the contraction of its Ricci tensor which relative to a frame field yields
R =
∑
i 6=j
K(Ei, Ej) = 2
∑
i<j
K(Ei, Ej), where K(X,Y ) =
< RXY U, V >
< X,X >< Y, Y > − < X,Y >2
(16)
is the sectional curvature.
Corollary 4.5 On M = B h×f F , if X,Y ∈ L(B), V,W ∈ L(F ), m = dimB > 1 and n = dimF > 1
then
MR =
BR
h2
− 2m
F∆h
h
−m(m− 1)
‖ gradh ‖2
h2
+
FR
f2
− 2n
B∆f
f
− n(n− 1)
‖ grad f ‖2
f2
(17)
If we change the sign in the definition of Riemann curvature then its components change sign but the
Ricci tensor and scalar remain intact.
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5 Geodesics
A curve γ : I → M can be written as γ(s) = (α(s), β(s)) with α, β the projections of γ into B and
F .
Proposition 5.1 A curve γ = (α, β) in M is geodesic iff
(1)
β
′′
=< α
′
, α
′
> h ◦ βgradh−
2
(f ◦ α)
d
ds
(f ◦ α)β
′
.
(2)
α
′′
=< β
′
, β
′
> f ◦ αgrad f −
2
h ◦ β
d
ds
((h ◦ β))α
′
.
Proof 5.2
(1) Consider the case when γ
′
(0) is neither horizontal nor vertical. Then α, β are regular, namely
∀s ∈ I, α
′
(s), β
′
(s) 6= 0, and thus locally integral curves. This means that α
′
(s) = Xα(s) and
β
′
(s) = Vβ(s) for X ∈ L(B) and V ∈ L(F ). Moreover γ is an integral curve and
γ
′′
= DX+V (X + V ) = DXX +DXV +DVX +DV V. (18)
The curve γ is geodesic iff γ
′′
= 0 or equivalently iff tan γ
′′
= nor γ
′′
= 0. Using Proposition
(3.1) in (18) we obtain
tan (DXX +DXV +DVX +DV V ) = 0 ⇒
−
< X,X >
h
grad h+ 2
Xf
f
V + FDV V = 0 (19)
which proves (1). The second identity is reproduced by taking the nor component of (18).
(2) If γ
′
(0) is horizontal or vertical and nonzero then the geodesic γ does not remain in the leaves
σ−1(q) or the fibers π−1(p). Hence there is a sequence {si} → 0 such that ∀i, γ
′
(si) is neither
horizontal nor vertical. Then (1) and (2) follow by continuity of Case 1.
Appendix
Let {xµ}, µ = 1, · · · , dimB = m be a local coordinate system on an open set UB ⊆ B and {y
α}, α =
m+ 1, · · · ,m+ dimF = m+ n be a local coordinate system on an open set UF ⊆ F , then {x
µˆ}, µˆ =
1, · · · , dimM = m + n is a local coordinate system on the open set UM ⊆ UB × UF ⊆ B × F . The
components of the Levi-Civita connections are
norMD∂µ(∂ν) =
BD∂µ(∂ν) =
BΓρµν∂ρ, (A.1)
tanMD∂µ(∂ν) = −
< ∂µ, ∂ν >
h
gradh = −
h
f2
gµνg
αβ∂βh∂α = Γ
α
µν∂α, (A.2)
norMD∂µ(∂α) =
∂αh
h
δνµ∂ν = Γ
ν
µα∂ν , tan
MD∂α(∂µ) =
∂µf
f
δβα∂β = Γ
β
αµ∂β, (A.3)
norMD∂α(∂β) = −
f
h2
gαβg
µν∂νf ∂µ = Γ
µ
αβ∂µ, (A.4)
tanMD∂α(∂β) =
FΓγαβ∂γ . (A.5)
7
For coordinate vector fields, R∂
λˆ
∂ρˆ(∂νˆ) = R
µˆ
νˆλˆρˆ
∂µˆ and the components of the Riemann curvature are
given by
MRµνλρ =
BRµνλρ −
‖ ∂αh ‖
2
f2
(
δµλgνρ − δ
µ
ρ gνλ
)
, (A.6)
MRαµβν = −
δαβ
f
Dν(∂µf)−
h
f2
gµνDβ(∂
αh), (A.7)
MRαµβγ = ∂µ(ln f)
[
δαβ∂γ(lnh)− δ
α
γ ∂β(ln h)
]
, (A.8)
MRµανλ = ∂α(ln h)
[
δµν ∂λ(ln f)− δ
µ
λ∂ν(ln f)
]
, (A.9)
MRαµνλ =
1
2f2
∂α(h2) [gµλ∂ν(ln f)− gµν∂λ(ln f)] , (A.10)
MRµαβγ =
1
2h2
∂µ(f2) [gαγ∂β(lnh)− gαβ∂γ(lnh)] , (A.11)
MRµανβ = −
δµν
h
Dβ(∂
αh)−
f
h2
gαβDν(∂
µf), (A.12)
MRαβγǫ =
FRαβγǫ −
‖ ∂µf ‖
2
h2
(
δαγ gβǫ − δ
α
ǫ gβγ
)
. (A.13)
The components of the Ricci tensor are
MRµν =
BRµν −
gµν
f2
[
hF∆h+ (m− 1) ‖ ∂αh ‖
2
]
−
n
f
Dµ(∂νf), (A.14)
MRµα = (m+ n− 2)∂µ(ln f)∂α(lnh), (A.15)
MRαβ =
BRαβ −
gαβ
h2
[
fB∆f + (n− 1) ‖ ∂µf ‖
2
]
−
m
h
Dα(∂βh) (A.16)
and the Ricci scalar is given by
MR =
BR
h2
− 2m
F∆h
hf2
−m(m− 1)
‖ ∂α(ln h) ‖
2
f2
+
FR
f2
− 2n
B∆f
fh2
− n(n− 1)
‖ ∂α(ln f) ‖
2
h2
. (A.17)
All the expressions of the Appendix have also been recorded in [5] and [6].
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